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Abstract 

In this paper we discuss a general approach to Diophantine equations 
of the form x r +y r = Cz p via Hilbert modular forms over some totally real 
l/~\ , subfields of Q(( r )- In particular, we will prove for r = 7 the non-existence 

of primitive solutions (a, b, c) such that 7 \ c and give explicit Frey-curves 
for r — 11, 13, 17, 19. Furthermore, for primes r — Am + 1 we will give an 
extra method to construct two more Frey-curves. 



1 Introduction 



After the proof of Fermat's Last Theorem by Wiles [27] mathematicians have 
been generalizing the intial strategy of Frey, Hellegouarch, Serre, Ribet and 
Wiles that lead to the solution of FLT and trying to solve more Diophantine 
equations. The most important unsolved family of equations which directly 
relates to the ASC-conjecture is the generalized equation of form 

^ ■ Ax p + By q = Cz r where 1/p + 1/q + 1/r < 1. 

As a consequence of the work of Darmon-Granville |S]) it is known that for a 
fixed triple (p, q, r) there exists only a finite number of solutions to the equation 
above such that (x,y,z) = 1 (called primitive solutions). However, the total 
^^ . number of primitive solutions is expected to be finite for all possible triples 

(p, q, r). As evidence for these, many particular cases of the generalized equation 
were solved, including infinite families. A remarkable subfamily for which there 
have been developments is the generalized Format equation x p + y q = z r . In 
the introduction of [5] there is a survey of results on this equations. 

Another important subfamily are the equations of signature (r, r,p), that is, 
Ax r + By r = Cz p with r a fixed prime. Into this direction there is work for 
(3,3,p) by Kraus [T5|, Bruin [3], Chen-Siksek [S] and Dahmen [7]; for (5,5,p) 
by Billerey |5], Billerey-Dieulefait [5] and Dieulefait- Freitas [TU]; for (13, 13, p) 
from the author joint with Dieulefait [S|. 

In this paper we describe a general strategy to go further into the study of 
equations of type (r,r,p). More precisely, for a fixed r > 5 our method will 
allow us to attack equations with shape 

x r + y r = Cz p , (1) 

for C in an infinite family of integers only divisible by primes q ^ 1, (mod r). 
Let (a, b, c) be a triple of integers such that a r + b r = Cc p . We say that it is 
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a primitive solution if (a, b) = 1 and we will say that it is a trivial solution if 
abc = 0. Following the terminology introduced by Sophie Germain in her work 
on the FLT we will divide solutions to ([!} into two cases 

Definition 1.1 A primitive solution (a,b,c) of x r + y r = Cz p is called a first 
case solution if r do not divide c, and a second case solution otherwise. 

As it will be explained the method presented here can only succeed in proving the 
non-existence of primitive first case solutions. It goes as follows: we first relate 
a non-trivial primitive solution (a, b, c) of ([1]) to a non-trivial primitive solution 
(a, b, c\) of another Diophantine equation with coefficients in K + (the maximal 
totally real subfield of the cyclotomic field <Q(Cr)) with the extra condition C \ 
a + b. Then we attach to the solution (a, b,c\) a Frey-curve -E^b) defined over 
K + which is not a Q-curve. We prove the absolutely irreducibility of pE, P (the 
mod p residual representation attached to E) for p greater than a constant. 
Then if the Frey-curves -E( a ,&) are supposed modular (in some cases we can 
prove they actually are) we arc able to apply the lowering the level results for 
Hilbert modular forms over K + to get the congruence PE.p = Pf,p (mod *$), 
where / is a Hilbert newform of a convenient level. To finish the proof and 
conclude that (a, 6, c) can not exist we have use the values a q (E), the fact that 
C | a + b and r j c (first case solution) to contradict the congruence. 

In general, our strategy will find computational difficulties. The problem 
being that the degree of K + is (r — l)/2, which grows with r, and consequently 
the dimension of the cusp spaces that we need to consider will grow extremely 
fast. Actually, already for small values of r we will find impossible computations. 
Nevertheless, if r = 1 (mod 6) we will show that Frey-curves over a subfield Kq 
of K + exists. In this case K + has degree 3k, Kq will have degree k and this 
difference is enough for the computation of newforms to be possible for a few 
r. In particular, for r = 13 the strategy described here is applied in [9], where 
modularity of the Frey-curves is proved and the existence of first case solutions 
completely demonstrated. 

In this work, along with the general method, we will also take advantage of 
this computational difference and prove the non existence of first case solutions 
for r = 7 (see Theorem 13. ip . And as a collateral result of that proof we will 
also solve an equation of the form <p{x, y) = 71z p , where 4>(x, y) is a degree 6 
homogeneous polynomial (see Theorem 13. 3[) . We will also give explicit Frey- 
curves for a few small values of r. Moreover, in the last section using a different 
strategy we will construct two more Frey-curves for when r is of the form 4m+l. 

2 The recipe for x r + y r = Cz p 

Let C be an integer only divisible by primes q ^ 1, (mod r). In this section 
we describe a general strategy to study equations of the form 

x r + y r = Cz p (2) 

where r > 5 is a fixed prime. Since the factorization 

x r + y r = (x + y)cj) r (x,y) 

will be key to our method we start by proving a few properties about (j> r (x,y). 



2.1 Properties of <f> r (x, y) 

Let £ denote a r-root of unity. Observe that 

r-i 

Mx,y) = U(-l) i x r - 1 - i y i . 

4=0 

and consider the decomposition over the cyclotomic field 

r-l 

8=1 

Proposition 2.1 Lei *p r 6e i/ie prime in Q(C) above the rational prime r and 
suppose that (a, 6) = 1. Then, any two different factors a + Q l b and a + Q^b in 
the factorization of (j) r {a,b) are coprime outside tyr. Furthermore, if r \ a + b 
then v<$ T (a + Cb) = 1 for all i. 

Proof: Suppose that (a, b) = 1. Let ^3 be a prime in Q(C) above p € Q 
and a common prime factor of a + C^b and a + C, 3 b, with i > j. Observe that 
(a + Cb) - (a + C J b) = &C J (1 - C~ J ) € «£. Since <p can not divide b because 
in this case it would also divide a we conclude that ^ J (l — J ) S ^P but C 1 
is a unit so 1 — Q~i <G *p, that is *P = *p r . Now for the last statement in the 
proposition, suppose that r \ a + b. Then, 

a + Cb = a + b-b + Cb=(a + b) + (C - 1)6, 

and since Mrp r (0 — 1) = 1 we have vys r (a + Qb) = min{r — 1, 1} = 1 _ 

Corollary 2.2 If (a, 6) = 1, then a + b and <fi r (a,b) are coprime outside r. 
Furthermore, if r \ a + b then v r (<f> r (a,b)) = 1. 

Proof: Let p be a prime dividing a + b and 4> r (a, b) and denote by ^p a prime 
in Q(C) above p. ^3 must divide at least one of the factors a + Qb, Since a, b 
are integers *p can not divide b then it follows from 

a + b = a + Cb-Cb + b={a + (% + (1 - C)b 

that *p = *p r . Moreover, if r | a + b it follows from the proposition that 
Mp r (a + (, l b) = 1 for all i then zAp r (^ (a, b)) = r — 1 thus u r (<f> r (a, b)) — 1. _ 

Proposition 2.3 Lei (a, 6) = 1 and Z ^ 1 (mod r) be a prime dividing a r + b r . 
Then I \ a + b. 

Proof: Since I divides a r + b r , I \ ab. Let bo be the inverse of —b modulo I. We 
have a r = (—b) r (mod I), hence (abo) r = 1 (mod I). Thus the multiplicative 
order of abo in F/ is 1 or r. From the congruence abo = 1 (mod I) it follows 
a + b = (mod 1). If I \ a + b then the order of abo is r and I = 1 (mod r). _ 



2.2 Relating two Diophantine equations. 

Recall that K + = Q(£ + £ ~ 1 ) is the maximal totally real subhcld of 
and let h+ be its class number. Let n r be such that rOx+ = (tiy)^" 1 '/ 2 and 
denote <j) r only by <fi. Suppose that there exists a non-trivial primitive solution 
(a,b,c) to ©, then it follows from Corollary |2.2l and Proposition 12.31 that there 
exists a non-trivial primitive solution (a, b, Co) to 
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with C | a + 6 and r | a + &, where in both cases cq is only divisible by primes 
congruent to 1 modulo r. 

Since r — 1 > 6 is even we can pick three different degree two factors of </> of 
the form /j = (x + ( ki y)(x + ( r ~ ki y) with coefficients in K + . Given a primitive 
solution (a, b 7 c ) of equation (Q| or ([5]) we have (a, b) = 1 and by Proposition ^. II 
we know that the fi(a, b) are pairwise coprimes outside ty r . Then since O x + is 
a Dedekind domain we have that (fi(a, b)) = 2" p or (/»(o, 6)) = (7r r )I p as ideals 
in Ok + • These identities show that the order of I in the ideal class group of 
K + divides p. Thus if we suppose that p > /i+ we have that I is principal and 
we can write /i(a, 6) = /XjC? or /j(a, 6) = /Xi7r r cf , where /Xj, c, € 0^+ with /x, an 
unit. Thus as long as p > /i+ we have transformed the solution (a, 6, cq) into a 
solution (a, b, c\) (with ci an integer in K + ) of the equation (with coefficients 
in K+) 

h(a,b)f2(a,b)f 3 (a,b) = /xc? (6) 

or 

h(a,b)f 2 {a,b)h{a,b) = ^lc^ (7) 

respectively, where /x G A' + is some unit. Moreover, C | a + 6 in both cases, 
r { a + fe in ((6]) and r | a + b in (JT]) . 

To summarize: for p > /i+ we have related an integer non-trivial primitive 
solution (a, 6, c) to ^ to a non-trivial primitive solution (a, 6, Ci) € Z 2 x Ox 
of an equation with coefficients in K + with extra hypothesis on the divisors 
of a + b. From now on we will study these latter solutions using the modular 
approach via Hilbert modular forms. 

2.3 The Frey-Hellegouarch curves 

We now want to attach a Frey-Hcllcgouarch curve to a putative non-trivial 
primitive solution (a, 6, c) £ Z 2 x O k + to © or (f7]). Let /, be the degree two 
factors of </> with coefficients in K + mentioned in the previous section, that is 



fi(x,y) -- 


= x 2 + (( kl +( r - kl )xy + y 2 


f2{x,y) -- 


= x 2 + (( k2 +C~ k ' 2 )xy + y 2 


h{x,y) -- 


= x 2 + (( k:i +( r - k3 )xy + y 2 



Hence, if we find a triple (a, f3, 7) such that 

a/i + $h + 7/3 



we can define A(a,b) = af±(a,b) , B(a,b) = ^f%(a,b) , C(a,b) = 7/3(0,6) and 
consider the Frey-curves with classic form 

E {a , b ) ■ V 2 = x(x - A(a, b))(x + B(a, b)), 

attached to a non-trivial primitive integer solution (a,b,c) of © or (J7J). Ob- 
serve from the form of the f{ that finding the desired triple is always possible, 
because it is a solution of a linear system with two equations and 3 variables. 
In particular, we choose the solution 

'a = -(C k2 + ( r - k2 - C k3 - C~ fc3 ), 

< f3 = ( ki + c~ ki - c ks - c~ ks , 

_, _ _Afei _ A) ki I Afc 2 1 £r-fc 2 

Furthermore, to the curves Ei a ^\ are associated the following quantities: 

A(E) = 2 i (ABC) 2 , 

04(E) = 2 4 (AB + BC + AC), 

c 6 (E) = -2 5 (C + 2B)(A + 2B)(2A + B), 

j{E) = fiAB + BC + ACy 



In particular, 



A(E) 



(ABC) 2 

' /i 2 2 4 (a/3 7 ) 2 c 2p if r\a + b, 
H 2 2 4 (ap-/) 2 ir?c 2 P ]£r\a + b. 



As expected, c appears to a p-power in the discriminant which is fundamental 
for the modular approach to work. 

Let ^}, *p r and ^?2 denote a prime in K + above p, r and 2, respectively. 
Denote by rad(c) the product of the primes dividing c. 

Proposition 2.4 Suppose that (a,b) = 1. The conductor of the curves Er a fi) 
is of the form 

N E = 2 s <P*rad(c), 

where s may be 2,3 or 4 and t = or 2 i/r|a + 6 or r \ a + b, respectively. 

Proof: To the results used in this proof we follow [21]. First note that a,/3,j 
can be written in the form ±£ s (l — C*)(l — C") which means that the only prime 
dividing a/37 is *p r and v<$ r (a{3j) = 3. 

Let *p be a prime in K + different from <p r and ^?2- Observe that v<g(A(E)) = 
2pv<g(c). Then if *p j c we have ftp (A) = and the curve has good reduction. 
If ?P I c then uqj(A) > and *p must divide only one among A,B or C (see 
Proposition 12. 1[) . From the form of C4 it can be seen that 1^3(04) = thus i? 
has multiplicative reduction at *$. 

Since (tiy) = ?fi r we see from the form of A(E) that u<p r (A) = 6 or 12 if 
r \ a + b or r \ a + b, respectively. This translate to E bad additive reduction 
(fq3 r (A r s) = 2) or good reduction (v<$ r (NE) = 0) at ^3 r if r { a + b or r | a + 0, 
respectively. 

Since 2 do not ramifies in <Q>(C) we use Table IV in [3T|. It is easily seen by 
from the shape of A, C4 and cq that u<p 2 (A) = 4, iAp 2 (cg) = 5 and iAp 2 (c4) > 4 



for any ^2 above 2. Then the equation is minimal (u<p 2 (A) < 12) and we check 
in Table IV [H] for the columns corresponding to the previous valuations and 
observe that v<$ 2 (Ne) can be 2, 3, 4 corresponding to Kodaira type II, III or T^ 

In the next section we will prove the next theorem and comment on the 
conjecture bellow, but by now we will suppose both to be true. 

Theorem 2.5 Let pE,p be the modp Galois representation attached to E. There 
exists a constant M(r) such that if p > M{r) then the representation pE, P is 
absolutely irreducible. 

Conjecture 2.6 The curves -E( a ,b) over K + are modular. 

For an ideal N of K + we denote by S2 (N) the set of Hilbert modular cusp 
forms of parallel weight 2 and level N. It follows from modularity that there 
exists a newform f in S < 2(2 I Cp*rad(c)) such that pE, P is isomorphic to thep-adic 
representation associated with /o, which we denote by Pf 0lP - In this situation, 
for p > M(r) we want to apply the lowering the level results for Hilbert modular 
forms from Jarvis, Rajaei and Fujiwara. We first determine the Artin conductor 
N(pE,p)- Recall that p ^ r hence it is unramified in K + . Let I be a semistable 
prime of E, i.e. those dividing c. If I 7^ p since it appears to a p-th power 
in the discriminant A(E) we know by an argument of Hellegouarch that the 
representation pE, P will not ramify at these primes. Furthermore, when reducing 
to the residual representation the conductor at the bad additive primes can not 
decrease hence N(pE, P ) = 2 4 *p* . 

Since pE.p is modular and irreducible we now apply results on level lowering. 
Since K + might be of even degree, in order to apply the main result of |25j . 
we need to add to the level an auxiliary prime. The auxiliary prime q, in par- 
ticular, satisfies that p/ . p (Frobq) is conjugated to pf ,p(o~), where a is complex 
conjugation. We now apply the main theorem in |25j to remove from the level 
all primes except those above 2, p, the prime *p r and q. Now we will remove 
from the level the primes above p and for that we need Pe, p \G^ to be finite at 
all primes *# | p. If Cp { c is of good reduction then pE, P \G<p is finite; if Cp | c is 
of multiplicative reduction, since we have p | wp(A) it is known that pE,p\G<$ 
is finite. Thus from Theorem 6.2 in [13] we can remove the primes above p 
without changing the weight. Finally, from the condition imposed on q follows 
that Nm(q) ^ 1 (mod p) and we can apply Fujiwara version of Mazur's principle 
to remove q from the level. Then we conludc that there exists a newform / in 
S ( 2(2 l< p*) such that its associated mod p Galois representation satisfies 

Pe, p = Pf ,p = Pf, P (mod <p). (8) 

Then if we show that this congruence can not hold for all the newforms in the 
corresponding cusp spaces S , 2(2 S ^J') we have proved that our putative solution 
(a,b,c) can not exist hence ^ also can not have non-trivial primitive solutions. 
The most common method to contradict the previous congruence is to look at 
the values a q (E) and a q (f) and verify that they can not be congruent modulo *p 
if p is greater than a constant. However, this method is limited by the existence 
of trivial solutions. 

An intrinsic problem of these curves is that for some p the equations ^ and 
O have trivial solutions ±(1, 0, 1), ±(0, 1, 1), (1, 1, 1) and (1, -1, 1) , (-1, 1, 1) 



that are associated with the Frey-curves -E( 1>0 ), -EVi,i) and En_i^, respectively, 
which are indeed elliptic curves. Then we will not be able to eliminate their 
(conjecturally) associated newforms simply by comparing the values of a q . How- 
ever, for suitable values of C the extra condition C \ a + b should be enough 
to deal with -E(i.o) and E^i), but the curve En t _i) will survive. To eliminate 
the newform corresponding to Ei i_i\ we need the extra hypothesis r j a + b 
to achieve a contradiction at the inertia at *$,.. From Proposition 12.31 it follows 
that for a primitive solution (a, b, c) of $2$ we have r\a J rb^r\c thus we 
are limited to solve the equation © only for first case solutions (see Definition 
EU). 

Remark 2.7 Our method can be adapted to solve some equations completely, 
i.e the restriction r \ c on the solutions may be removed. This is the case if 
instead we consider the equation x 2r + y = Cz p , in which case we use the 
Frey-curves -F(a,&) : = E^ a 2 b 2y Since the trivial solutions (1, —1) will correspond 
to the curve fn — l) = Sfii) which in principle can be eliminated because of the 
condition C \ a + b. This will be illustrated in section 3 for r = 7. 

There are also obvious computational limitations to the strategy, because 
the dimension of K + is (r — l)/2 and increases with r. In particular, the norm 
of 2 and *$ r increase and consequently also the norm of the conductor of -E( a ,6) 
increases making the dimension of the corresponding space of Hilbert modular 
cuspforms increase fast. For example, when r = 11 the norm of 2 4 *p 2 . is 2 20 11 2 
and the dimension of S > 2(2 4< p 2 ) is 5406721. Thus, already for small values of r 
computing the corresponding newspace of Hilbert modular forms of S^^ 4 *}} 2 .) 
is infeasible. 

However, if r = 1 (mod 6) the computational requirements can be reduced. 
Indeed, the degree of (f> is of the form 6k then we can find k factors of (j> {<t>i for 
1 < i < k) with degree six and coefficients in the totally real subfield of K + 
with degree k (denote it by Kq). Let a be the generator of Gal(Q(£)/Q) and 
let 0i be the factor of (j) r given by 

5 

01 = U(x + a ik (C)y) 

i=0 

and choose also the factors fi to be 

' fi(x,y) = (x + (y)(x + CT 3fe (C)2/), 
h(x, y) = (x + a 2k (C)y)(x + a 5fe (C)y), 
J 3 (x 7 y) = (x + a 4k (C)y)(x + <j k (Oy). 

We have that </>i = /1/2/3 and as explained above these factors gives rise to the 
following linear system 

'a + /3 + 7 = 

«(C + ^ 3fc (0) + /% 2fc (C) + <T 5fe (0) + 7(^ 4fe (C) + <T fe (0) = 

t a + /3 + 7 = 
that obviously has infinite solutions. We pick the solution given by 

'a = -o- 2k (0-* 5k (0+<r 4k (0+* k (0 

P = C + o- 3k (0-o- 4k (()-a k (() 

j = o- 2k (0+o- 5k (()-t-a 3k (C) 



As before, let A(a, b) = afi(a,b) , B(a,b) = ,8/2(0,6) , C{a 1 b) = 7/3(0,6) and 
since we have 

A+B+C=0 

we can consider the Frey-curves 

E {a ,b) ■ V 2 = x(x - A(a, b)){x + B(a, b)). 

Proposition 2.8 If r = 6k + 1 then the curves E/ a b \/K + admit a model over 
K . 

Proof: First observe that a 2k (mod a 3k ) has order 3 and generates Gal(K + / Kq) . 
Since the curves E are defined over K + they are invariant under the order 2 
element cr 3fe and in particular j(E) is invariant a 3k . Moreover, 



and also 

then 

Since 



a 2k (a)=P, cr 2fe (/3)=7, a 2fc ( 7 ) = a, 

° 2 \h) = h, CT 2k (f 2 )=f 3 , <T 2k (h) = .h, 

a 2k (A) = B, o- 2k {B) = C, a 2k {C) = A. 

j(E) = 2* { - AB + BC + CA)3 



{ABC) 2 

it is clearly invariant under a 2k then the j-invariant actually is in Kq. Now wc 
write -E7(a,&) m the short Weierstrass form to get a model 

E : y 2 = x 3 + C14X + ag, where 

a 4 = -432(AB + BC + CA) 

a 6 = -1728(2A 3 + 3A 2 B - 3AB 2 - 2B 3 ) 

Since 04 is clearly invariant under a and 

a 6 = -1728(2A 3 + 3A 2 B-3AB 2 -2B 3 ) = 

= -1728(2(-B - C) 3 + 3(-B - C) 2 B - 3{-B - C)B 2 - 2B 3 ) = 
= -1728(2B 3 + 3B 2 C - 3BC 2 - 2C 3 ) = a 2k (a 6 ) 

we conclude that the short Weierstrass model is already defined over Kq. _ 

Let 7T2 and 7r r denote a prime in Kq above 2 and r, respectively. 
Proposition 2.9 The conductor of the curves -E( a ,b) over Kq is of the form 

N E = 2 s 7T 2 rad(c), 
where s may be 2, 3 or 4. 



Proof: Writing a curve in short Weierstrass form changes the values of A, C4 
and cq by a factor of 6 12 , 6 4 and 6 6 . Since the primes dividing 6 do not ramify 
in K/Kq and do not divide c the conductor of E at primes dividing c is the 
same as before. 

Since 7iy = *Pj! in K + we see from the third paragraph in the proof of 
Proposition 12.41 that v 7rr (A(E)) = 4 or 2. Also, v- Kr {ci{E)) > and since we 
arc in characteristic > 5 this implies that the equation is minimal and has bad 
additive reduction with v Vt (Ne) = 2. 

It easily can be seen that v^ 2 { A (Ej) = 16,v„ 2 (ce(E)) = 11 and v„ 2 (04 (E)) > 
8. Table IV in [21] tell us that the equation is not minimal and after a change 
of variables we have u 2 (A(£')) = 4, v 7T2 (cq(E)) = 5 and v^ 2 {a{E)) > 4. Now 
exactly as in the proof of Proposition 12.41 we can conclude that v 7T2 (Ne) may 
be 2, 3, or 4. B 

The existence of a model over Kq has advantages. On one hand, Proposition 
12. 101 can be proved for the new model giving a smaller constant for M(r); also, 
with modularity of the curves Ei a ^ b \/ 'Kq we can argue exactly as we did over 
K + to apply the results on level lowering. This would lead to the computation 
of Hilbert newforms over Kq which is a number field of dimension k when a 
priori we were over K + of dimension 3fc. In a latter section we will use this fact 
to solve equations for r = 7 and in [9] the case r = 13 is treated in detail. 

2.4 Modularity of E and Irreducibility of p E>p 

Denote by pe,z and pE, P the p-adic and the mod p representations associ- 
ated with E. Two fundamental steps in the modular approach is to guarantee 
absolute irreducibility of pE, P and modularity of the Frey-curves. We already 
know that these are requirements to apply the results on level lowering. For a 
fixed r, regarding irreducibility we have 

Theorem 2.10 There exists a constant M(r) such that if p > M(r) then the 
representation pE,p is absolutely irreducible. 

Proof: Since p~E, P is odd and K + is totally real it is known that p~E, P is abso- 
lutely reducible if and only if it is reducible. Let p be a semistable prime for 
E and unramified in K + . Suppose that Pe, p is abs. reducible. Since it must 
be reducibe over F p the fundamental characters of level 2 can not ocurr, hence 
Pe, p must have the form 



-1 




PE, P = ( £ n* P ! ) - (9) 



where \ P is the mod p cyclotomic character and e is a character of Gk+ with 

values in ¥ p . Since the image of inertia at semistable primes is of the form 

1 *\ 

the conductor of e only contains bad additive primes. By the work of 



1, 

Carayol the conductor at bad additive primes of pe, p is the same of Pe, p - Since 
the conductors of e and e _1 are equal it follows from proposition 12.41 that the 
cond(e) = 2*p r or 2 2s p r . The finite order characters of Gk+ with conductor 
dividing 2 2 *p r are in correspondence with the characters of a finite group H 
whose order depends on r. In particular, if K + has narrow class number 1 



they are in correspondence with the characters of (0,R-/2 2 Cp r )*. The group of 
characters of H is dual of H then all the characters have order at most equal to 
the cardinality of H. In particular e is a root of the polynomial q\ := x^ H ' — 1 
(mod p) . Let ^?3 be a prime above 3 and q the order of its residue field. Since 
E has good reduction at ^3 by taking traces on equality (O we get 

a<p 3 = e(Probtp 3 ) + ge _ (Frobp 3 ) (mod p), 

which implies that e(Frobfp 3 ) satisfies the polynomial qi := x 2 — a?p 3 x + q (mod 
p). Let £ = C\h\i then the resultant of q\ and (72 is given by 



]M\ a<p 3 + J at - M a Vs - JaL - 4q 
res( qu q 2 ) = ]( *-* C)( V & 






J(( 21 a V3 C + q) 



(=1 
Since a<p 3 is an integer such that |a«p 3 | < y/q we have 

\H\ \H\ 

|res( gi , g2 )|<n(IC| 2l + |a V3 IICr+9)<n( 1 + v / 9xl + 9)<(l + v / 9 + 9) |ff| 
j=i »=i 

Moreover, e(Frob<p 3 ) is a common root of the qi (mod p) then res(gi, Q2) = 
(mod p) which is impossible if p > (1 + Jq + <?)' ff '. Thus the theorem hold if 
we take M(r) = (1 + y/q + g) |i?| . a 

The proof of the previous theorem is quite general. Indeed, a closer look 
shows that it only depends on K + being totally real and on the existence of a 
concrete prime with good reduction for E( a ^y Actually, using more information 
about our curves we can prove a much better result in some cases. Recall that 
K + /Q is Galois then inertial degree / = /PP2/2) is the same for all primes *$2 
above 2. 

Theorem 2.11 If the inertial degree f is odd then pE,p is irreducible for all 
primes p > 3. 

Proof: Let *$2 be a prime above 2 and since E has potentially good reduction 
at Cp 2 let 3>q3 2 be defined as in [T7]. Since z*p 2 (A) = 4 ^ (mod 3) we are in 
case (ii) of Theorem 3 in [T7] . It follows from the last paragraph of the proof 
of Proposition 12.41 that Eu^ may have Kodaira types II, III and IV at ^2- 
Then from Theorem 3 in [T7] follows that |$<p 2 | = 3 or 24. Since 2 n - f (2- f - 1) is 
divisible by 3 only if / is even it follows from Proposition 3.3 in [T] that f>E,p is 
irreducible for p > 3 if / is odd. _ 

It is know that all elliptic curves over Q are modular and is expected the 
same to be true over totally real number fields but there are no complete general 
results in the latter situation. Thus, in general, we do not have modularity of 
our Frey-curves Er a b) ■ 

Conjecture 2.12 The curves Ei a ^\ over K + or Kq are modular. 
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The conjecture above is true in some cases. If r = 7 then the Frey-curve 
is defined over Q (see section |3~T]) hence it is modular. Also, Theorem 4.1 in 
[5] states that an elliptic curve C over a totally real cyclic field F with good 
reduction at the primes above 3 is modular if 3 splits in F . As a corollary the 
conjecture holds for r = 13. 

We will now make a few comments on the general case. In [3] the proof 
of modularity is divided into 3 cases: (i) Pe,z and Pe.s\G F i ^33) both abs. 
irreducible; (ii) Pe,2, abs. irreducible and PE,3\G F irr%\ reducible; (iii) pE,a re- 
ducible. When trying to mimic the proof for the general case we will have 
trouble due to the fact that 3 is not necessarily split in K + , because in that 
case we can not guarantee the existence of an ordinary lifting of Pe,3 (in the 
rcsidually ordinary case) by means of Breuil's results. In section 6 of [TT] the 
authors prove modularity lifting without assuming ordinarity at specific places. 
Unfortunately, the results there are limited for the case p = 3. In a mail con- 
versation with T. Gee we have learned that the generalization of the theorems 
there to p = 3 (possibly with some additional restrictions on the image of the 
mod p Galois representation) should follow from current techniques. In this 
scenario we can expect the curves -E^b) to be proven modular in case (i), where 
we apply this more general result instead of Corollary 2.1.3 in [IB] . And if the 
curve has ordinary good reduction at all primes above 3 also in case (iii) , where 
modularity follows from an application of Theorem A in [26]. With these ob- 
servations in mind we may be able to achieve modularity for particular values 
of r: we first check if p F ,3 is abs. irreducible, for example via Proposition 12 . lip , 
to conclude that we are in case (i) or (ii); secondly by computing the 3-division 
polynomial and verifying that it is irreducible over K + (y/— 3) (or Kq(\/— 3)) we 
conclude that we are in case (i). On the other hand, if we can only exclude 
case (ii) modularity also follows if we have that the Frey-curves are ordinary 
at all primes above 3. This can be seen by computing all the possible values 
afp 3 (£^( a] 6)) for all (a, b) ^ (0,0) in F 2 where F is the residual field at C$3 and 
checking that 3 | a<p 3 never happens. 



3 Application: the case r = 7 

In this section we will use the strategy described before to study the equation 
of signature (7,7,p). Then we will also see that the same Frey-curve can be 
used to attack equations of the form <p(x,y) = dz p , where is a degree six 
homogeneous form and actually prove a theorem for d = 71. 

3.1 The equation x 7 + y 7 = Cz p 
We will prove the following theorem 

Theorem 3.1 Let d = 2 s °3 Sl 5 S2 and 7 be an integer only divisible by primes 
I ^ 1 (mod 7). Then, if p > 17 we have that 

(I) The equation x 7 + y 7 — djz p has no non-trivial first case solutions if 
(sq,Si,S2) satisfies any of the following three conditions (> 2, > 0, > 0), 
(=!,> 1,>0) or (=0,>0, > 1). 
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(II) The equation x 14 + y 1A = d"fz p has no non-trivial primitive solutions if 
s-2 > or S3 > or sq > 2. 

We will start by proving (I) by following the strategy delineated in the 
previous section. Observe that 7 = Qk + 1 for k = 1, that is, we are in a case 
of less computational requirements and Kq = Q. Since 7 will never used in the 
proof we suppose that 7=1. Let (a, b, c) be a non-trivial primitive solution to 
the equation 

x 7 + y 7 = (x + y)Mx,y)=dz p . (10) 

With the notation of the previous section we have (07 =)(f> = 4>\ and there must 
exists a non-trivial primitive solution (a, 6, c) to 

<f>(a,b) = tf>, (11) 

with d\ a + b and 7 { a + b or to 

0(o, 6) = 7c p (12) 

with d \ a + b and 7 | a + b, where in both cases c is only divisible by primes 
congruent to 1 modulo 7. 

We now construct the F-H-curves attached to the solution (a,b,c). Let 
C, — (,7 be a 7-root of unity, by following the construction in the previous section 
we get 4> = /1/2/3, with 

f 1 {x 7 y) = x 2 + (( + C (i )xy + y 2 
f2{x,y) = x 2 + (( 4 + ( 3 )xy + y 2 . 
f 3 {x,y) = x 2 + (C 5 + C 2 )xy + y 2 

and we find a triple (a, /?, 7) given by 

a = C 5 - C 4 - C 3 + C 2 
/3 = -2C 5 - C 4 - C 3 - 2C 2 - 1 . 
t 7 = C 5 +2C 4 + 2C 3 + c 2 + l. 

This results in the F-H-curves with short Weierstrass form defined over Q and 
model E( a j,j : y 2 = x 3 + a^x + as, where 

ja A = -3024(a 4 - a 3 6 + 3a 2 6 2 - ab 3 + b 4 ) 

\a 6 = 12096(a 6 - 15a 5 6 + 15a 4 6 2 - 29a 3 6 3 + 15a 2 fe 4 - 15a& 5 + b 6 ). 

These curves were already known to Kraus (in |20j he gives a Frey-curve with 
the same short Weierstrass model of ours) and Dahmen also found a twist of 
them with a different method in [7]. Since a/37 = — 7 the discriminant is of the 
form 

A(E) = 2 16 3 12 7 2+s c 2 , (13) 

where s = 0ors = 2if (a, 6, c) is a solution to (fTT) or (fT2"j). respectively. 

Proposition 3.2 If (a, b) = 1 i/ie curves E( a ,b) have conductor given by 

2 2 7 2 rad(c) or 2 3 7 2 rad(c) if 2 \ a + 6 

iVB= <( 2 4 7 2 rarf(c) z/2|| a + 6 

2 3 7 2 rad(c) if 4 \ a + b 
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Moreover, if 2 \ a + b we can suppose that a is even and the conductor is 

, 2 2 7 2 rad{c) if 4 | a 

1 2 3 7 2 rad{c) ifA\a 



Proof: From Proposition 12.91 we know the set of possible values for the con- 
ductor. With the help of SAGE we compute the values of the conductor for all 
pairs (a, b) mod 2 6 and observe how they relate to a + b. _ 

By the Frcy-Hcllcgouarch argument we conclude that pE,p does not ramify 
at primes dividing c. Let S2 (M) denote the set of cusp forms of weight 2, trivial 
nebentypus and level M. Since (a, b, c) is non-trivial there exists a semistablc 
prime greater than 6 then from the work of Mazur (see ?) if p > 17 we have 
that pe, p is absolutely irreducible (see also Theorem 22 in [7]). By Serre's strong 
conjecture (now a theorem due to Khare-Wintenberger, see Q3] and [T5]) there 
must exist a newform / £ S^No) where Nq = 2 s 7 2 with s = 2, 3 or 4 such that 

Pe, p = Pf, P mod q3, (14) 

for some prime *P in Q above p. To finish the argument we need to contradict 
([14"]) . Using SAGE software we compute the newforms in ^(-/Vo) for the values 
of No determined above and divide them into two sets 

• SI: Newforms with Q f = Q 

• S2: Newforms such that Q is strictly contained in Qf 

Now we will look for a contradiction to (fi"4"]) for each newform in both sets, 
starting with SI. For each pair (a, b) mod I with I £ {3, 5, 11, 13, 17, 19, 23} we 
computed with SAGE all the possible values ai for our Frey-curves E^ a ^y. 

fa 8 €{-1,3}, 
a 5 £ {-3,-1,1,3}, 

an £ {-5,-3,1,3}, 
a 13 £ {-6,-2,2,6}, 
air £ {-5,-3,1,3,5}, 
aw e {-7,-5,1,5,7}, 
loajG {-9,-7,-5,-1,1,3} 

Furthermore, we also see that 

a((S( 0j6 )) = — 1 if I = 3 or 5 and l\a + b. (15) 

As long as p > 7 by comparing the coefficients of the forms in SI against the 
previous values we find a contradiction to congruence (fT4")) for all / in SI except 
for the newforms corresponding to the curves -E(o,i), ^(1,-1) an d ^(1,1) ■ These 
three forms were expected to survive since (0,1,1) and (1,1,1) are solutions 
of (fTT) and (1, —1, 1) is a solution of (fi"2|) . Since these curves have no complex 
multiplication in order to eliminate them we need to use the information d \ a+b. 
By Proposition 13 . 21 we see that if (sq, Si, S2) satifies the conditions (> 0, > 0, > 
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1), (= 1, > 1, > 0) or (> 2, > 0, > 0) to finish the proof we have to eliminate 
(-£(0,1)' £(i-i)i E (i,i))i (^(l-i): ^(1,1)) or £(!_!), respectively. Observing that 

(a3(^(o,i)),a3(£'(i,-i)),a3(£ , (i,i))) = (-1,-1,3) 

and 

(a5(^(o,i)),a5(£'(i,-i)),a5(£ , (i,i))) = (-3,-1,1) 

we see that the conditions in (so,Si,S2) together with (fTS)) arc enough to deal 
with -E(o,i) and ^(l.i) but not with Sn ; _x) as expected. 

To eliminate .En ]\ we will use the inertia at 7. Let C/Q be an elliptic 
curve and $7(6") be the Galois group of the extension of Q where C acquire 
good reduction at 7. By following Kraus (see [T7]) we know that 

|$ 7 (C)|= denominator of ( " 7 ( A ™m( C )) ^ 

and by formula (|T3|) we find that \^r(E^ a _b))\ = 3 or 6, if 7 | a + fe or 7 \ a + b, 
respectively. In particular \^j(E^ 1 _ 1 - ) )\ = 3 and (fT4"|) can not hold if 7 f a + b, 
because the inertia at 7 do not match. This eliminates all the newforms in SI 
if our putative solution (a,b,c) is a first case solution (see Definition II. I[) . 
Now suppose that (fT4"|) holds for some / in S2 then the congruence 

a 3 (E)=c 3 (f) (mod<p) (16) 

must hold, for some newform / = 9+X^n=2 c "9" i n S2 and a prime *p in Q above 
p. This is not possible if p > 7. Indeed, for all newforms in S2 the minimal 
polynomial of the Fourier coefficient c 3 is x 2 — 2 or x 2 — 8 then, for example, in 
the latter case we must have 

= c 2 3 -8 = a 2 3 -8 (mod p). 

Since our curves verify 03 6 { — 1,3} the previous congruence implies that = 
—7, 1 (mod Cp) which is impossible if p > 7. The same holds with the other 
minimal polynomial and this concludes the proof of part (I) of Theorem 13. II _ 

We will now prove part (II). By looking modulo 3 and 4 we find that a 2 + b 2 
with (a, b) = 1 is never divisible by 3 and 4. Then, from the factorization 

a u + b 14 = (a 2 + b 2 )^a 2 1 b 2 )=dc p 

and the fact that d \ a 2 + b 2 it is clear that if sq > 2 or si > the theorem 
holds. We are left to deal with the case of d = 5 S3 . Again, by looking modulo 
7 we find that a 2 + b 2 is never divisible by 7 then we can translate a 14 + 6 14 = 
(a 2 + b 2 )(j)(a 2 ,b 2 ) = dc p into the equation 



{a\b 2 ) 
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with d \ a 2 + b 2 . Given a primitive solution (a, 6, c) we use E = Et a 2 b 2\ has a 
Frey-curve. From the observation modulo 4, Proposition 13.21 and Scrrc's strong 
conjecture it follows that the possible levels for newforms satisfying congruence 

Pe, p = Pf, P mod *p 
14 



are 2 2 7 2 or 2 4 7 2 . We do as above an divide the newforms into the same sets SI 
and S2. This time the newform associated with the solution (1, — 1, 0) is not a 
possible choice in SI hence the restriction 7 \ c is not needed. Since d \ a 2 + b 2 
we have a§(E( a 2 jp\) = — 1 and as we already know this is enough to deal with 
E(o,i) an( i -^(M) eliminating all the newforms in SI. The newforms in S2 are 
eliminated exactly as in the proof of (I) . g 

3.2 The equation (j)(x,y) = 71z p 

From the discriminant of the curves Et a ,b) it is clear that we can use them 
to attack equations of the form 4>{x, y) = dz p , where 

4>{x, y) = x 6 - x 5 y + x 4 y 2 - x 3 y 3 + x 2 y 4 - xy 5 + y 6 

is the same polynomial of the previous section. Recall that if (a, 6) = 1 then 
<f>(a, b) is only divisible by primes congruent to 1 modulo 7. We will now prove 
the following result 

Theorem 3.3 If p > 254 2873 is a prime, then the equation 

<f>(x,y) = 71zP (17) 

has no non-trivial primitive solution (a, b, c) such that 71 \ c. 

Suppose that (a, 6, c) is a non-trivial primitive solution of (|17[) and consider 
the same Frey-curves -E( a ,b) as before. The discriminant of E is of the form 

A(E) = 2 16 3 12 7 s 71 2 c 2p . 

Denote by cq the product of the primes q ^ 71 dividing c. 

Proposition 3.4 The curves Ei ab \ have conductor given by 

N E = 2 s 7 2 71c , 

where s £ {2,3,4}. 

Proof: The same proof of Proposition 13.21 works for all primes p ^ 71. For 
p = 71 observe that v p (A) > 2 for all (a, b). Since 71 splits in Kq, A, B, C are 
conjugates and coprimes at 71 we know that each of them has one prime factor 
(in K ) of 71. Since 

Ci = 2 4 (AB + BC + AC) 

it is clear that 1^(04) = 0. Then Ei a ^\ has multiplicative reduction at p = 71j 

Since all the primes q dividing Co are of semistable reduction we can apply 
the Frey-Hellgouarch argument to conclude that pE. P will not ramify at q \ cq. 
As in the previous section we have that pe, p is absolutely irreducible for p > 17 
then again by Serre's strong conjecture there must exist a newform / in S2(N ) 
where N = 2 S 7 2 71 with s g {2,3,4} such that 

PE, P = Pf :P mod <p. (18) 

The space S% ew (2 4 7 2 71) is too large to be computable with SAGE. Nevertheless, 
we are able to finish the proof but the price of doing it without computing that 
space is the large bound for p in the statement of Theorem l3.3l As before divide 
the newforms in the spaces S^Ao) where Ao = 2 S 7 2 71 with s £ {2,3,4} into 
two sets: 
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SI: Newforms with Q/ = Q 

S2: Newforms such that Q is strictly contained in Qj 

Since the newforms in SI correspond to elliptic curves over Q we use SAGE to 
consult Cremona's Table of elliptic curves for conductors up to 130000 to get 
the complete list of elliptic curves with conductor 2 S 7 2 71 for s = 2,3,4. For 
each curve in the list we computed the values a q for q 6 {3, 5, 11, 13, 17, 19, 23}. 
Comparing these a q with the few possibilities allowed to our Frey-curves listed 
in the previous section we can eliminate all the curves. 

To deal with the newforms / = q + J2 n =2 c nQ n m S2 we will use the Weil 
bound |c/| < 2vt and the following proposition. 

Proposition 3.5 If f is a newform such that Qf ^ Q then there exists a prime 
number q < SB such that the coefficient c q (f) does not belong to Q ; where SB 
(Sturm bound) is given by 

SB = T II d + i) 

primes q\N 



Proof: See ITS], Lemme 1. 



Now suppose that ([18]) holds for an / in S2 and let q be a prime given by 
the proposition above. We can suppose that / is of level 2 4 7 2 71 because the 
smaller levels would give smaller bounds for p. We use SAGE to compute the 
dimension D of the space <S£ -e ™(2 4 7 2 71), which gives D = 1435 and the Sturm 
bound SB = 16128. Then we have 

< 2^/q < 2VSB < 254 

< D = 1435 




and also 



a q (E) = c q (mod qj). 



Let p c (x) be the minimal polynomial of c q , which is of degree at most D, and 
can not have integer roots because c q is not an integer. Then p c (a q ) ^ and 

p c {a q ) = p c {c q ) = (mod «£). 

Since there are only a finite number of possibilities for a q then also for p c (a q (E)) 
thus there is a constant C such that if p > C, the congruence p c (a q (E)) = 
(mod p) can not hold. 

Now we proceed to the computation of a concrete value for C. First observe 
that the roots r,; of p c are the Galois conjugates c q of c q and they also satisfy 
\ r i\ < 2^/q < 254. Let b n be the coefficients of p c = '^b n x n . Since we know 
that the b n are given by the symetric functions in n we can find a upper bound 
for each b n easily, for example 

(U35\ nrA2 



b n -2 = r ri + r r 2 + ... + r„_ 2 r„_i < I ) 254 
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=_ A435\ n , 1430 



and the biggest upper bound that we find this way is I 1254 . Hence 

we have 

|p c (a:)| < 1435(max{&„})M 1435 
and thus 

\Pc(a q (E))\ < 1435^ 5 W 1429 254 1435 < 254 2 254 7 254 2864 < 254 2873 , 

where the last two inequalities were taken only for aesthetic purposes. Then 
taking C = 254 2873 ends the proof of Theorem [ 



4 Examples: the cases r = 11, 13, 17, 19 

4.1 The equation x 11 + y 11 = Cz v 

Note that 11 = — 1 (mod 6) so this is computationally difficult case. Follow- 
ing the method we pick <f>i = j 1/2/3, where 

7i(^,2/)-^ 2 + (C + C 10 )^ + y 2 , 
/ 2 (x ;2/ )-x 2 + (c 2 + C 9 )^ + y 2 , 

{f 3 (x 7 y) = x 2 + (( 3 +(*)xy + y 2 . 
Let (a, b, c) be a non-trivial primitive solution of 

x 11 +y 11 = Cz p , (19) 

then for some unit /i G K + we also have a non-trivial primitive solution of 

4>x{x, V ) = »z p (20) 

or 

<M^2/) = ^ii^ (21) 

if 11 { a + b or 11 | a + fo, respectively. The resulting F-H-curves over K + is 
given by 

^(a.h) : y 2 = * + a 4 2; + ^6, where 

a 4 (a, 6) = (432u> 3 - 432w - 2592)a 4 

+ (-432u> 4 - 3888w 3 + 1296w 2 + 7776w + 3024)a 3 6 
+(3456w 3 - 432w 2 - 6480™ - 8208)a 2 6 2 , 
+ (-432u> 4 - 3888w 3 + 1296u> 2 + 7776w + 3024)afe 3 
+ (432w 3 - 432w - 2592)6 4 

a 6 (a, b) = (8640w 4 + 25920w 3 - 39744w 2 - 48384w + 5184)a 6 

+ (5184w 4 - 98496u> 3 + 10368u> 2 + 176256w + 139968)a 5 6 

+(285120w 3 - 57024w 2 - 570240w - 171072)a 4 6 2 

+ (25920w 4 - 302400w 3 - 5184w 2 + 596160™ + 338688)a 3 6 3 

+ (285120u; 3 - 57024™ 2 - 570240u; - 171072)a 2 6 4 

+ (5184u; 4 - 98496w 3 + 10368w 2 + 176256u> + 139968)a& 5 

+(8640w 4 + 25920w 3 - 39744w 2 - 48384w + 5184)6 6 
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where the minimal polynomial of w is t 5 + t 4 — 4t 3 — 'it 2 + 3t + 1. We observe 
that 3 is inert in K + and with the help of SAGE we computed a$(Er a ,b)) f° r 
all pairs (a, b) (mod 3) and obtained that 0.3(E) G { — 16, 16} which shows that 
E( a ,b) are ordinary at 3. 

4.2 The equation x 13 + y 13 = Cz p 

Note that 13 = 1 (mod 6) so this is a good case. This equation is studied in 
detail in joint work with L. Dieulefait (see [5])- The Frey-curves used there can 
be obtained as a particular case of our recipe with K = Q(w), where w 2 = 13 
and the curves are given by 

E( a ,b) '■ y 2 — x + 0,4(0, b)x + ae(a, 6), where 



a 4 (a,b) = (216w-2808)a 4 +(-1728iu + 5616)a 3 6 

+ (1728w - 11232)aV + (-1728w + 5616)a6 3 
+ (216w-2808)6 4 , 

a 6 (a,b) = (-8640w + 44928)a 6 + (49248w - 235872)a 5 6 

+ (-129600w + 471744)a 4 6 2 + (152928u; - 662688)a 3 6 3 + 
+(-129600w + 471744)a 2 6 4 + (49248w - 235872)afe 5 + 
+ (-8640u; + 44928)6 6 + (50193u; + 182520)& 6 . 

Although we are in good computational case the dimension of S2(2 4 w 2 ) is 
already to big for completely compute the whole subspace of newforms. In order 
to solve this difficulty an algorithm of John Voight was used to compute only 
the newforms with field of coefficients equal to Q. Moreover, modularity of the 
curves are proved and we achieve the following result (see [5]). 

Theorem 4.1 Let d = 3, 5, 7 or 11 and 7 be an integer divisible only by primes 
I ^ 1 (mod 13). Ifp > 4992539 is a prime, then: 

(I) The equation x 13 + y 13 = djz p has no non-trivial primitive first case 
solutions. 

(II) The equation x 2e + y 26 = 2djz p has no primitive non-trivial solutions. 

4.3 The equation x 17 + y 17 = Cz p 

Note that 17 = —1 (mod 6) so this is a bad case. Following the method we 
pick 0i = /1/2/3, with 

'f 1 (x,y)=x 2 + (( + ( 16 )xy + y 2 , 

< f 2 (x,y) =x 2 + (( 2 + ( 15 )xy + y 2 , 

J 3 ( x ,y)=^ + (C 3 + C 4 )xy + y 2 . 

Let (a, b, c) be a non-trivial primitive solution of 

x 17 + y 17 = Cz p , (22) 
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then for some unit /i G K + we also have a non-trivial primitive solution of 

4>x{x,y) = nz p (23) 

or 

Mx,y) = ^ 3 17 z p (24) 

if 17 \ a + b or 17 | a + b, respectively. The resulting F-H-curves over K + arc 
given by 

E(a.b) '■ U = x + a±x + as, where 

ai (a,b) = (-432w 6 + 432uj 5 + 2592ui 4 - 1728w 3 - 3888w 2 + 1728™ - 1728)a 4 
+ (-432uj 7 + 3024w 6 + 2160w 5 - 15984u> 4 - 3456w 3 + 19872w 2 
+ 1728w + 432)a 3 6 + (-3024ui 6 + 1728w 5 + 16416w 4 - 6048™ 3 
-22032u> 2 + 4320w - 3888)aV + (-432u/ + 3024w 6 + 2160u> 5 
-15984u> 4 - 3456w 3 + 19872w 2 + 1728w + 432)a6 3 + (-432w 6 
+432w 5 + 2592u> 4 - 1728w 3 - 3888w 2 + 1728w - 1728)6 4 

a 6 (a, b) = (-8640w 7 + 25920w 6 + 46656w 5 - 143424w 4 - 62208w 3 + 196992w 
+3456w - 19008)a 6 + (5184w 7 - 93312w 6 + 25920w 5 + 497664w 4 
-160704w 3 - 663552w 2 + 150336w - 20736)a 5 6 + (-51840w 7 
+254016w 6 + 238464iu 5 - 1316736w 4 - 295488w 3 + 1653696iu 2 
+82944w - 72576)a 4 6 2 + (39744w 7 - 269568u> 6 - 101952m; 5 
+1397952u> 4 - 53568w 3 - 1802304w 2 + 114048u;)a 3 6 3 
+(-51840w 7 + 254016w 6 + 238464u; 5 - 1316736w 4 - 295488w 3 
+1653696w 2 + 82944w - 72576)a 2 & 4 + (5184w 7 - 93312iu 6 
+25920w 5 + 497664w 4 - 160704iu 3 - 663552w 2 + 150336w 
-20736)afc 5 + (-8640w 7 + 25920w 6 + 46656w 5 - 143424w 4 
-62208w 3 + 196992u; 2 + 3456u; - 19008)6 6 

where the minimal polynomial of w is £ 8 +£ 7 -7i 6 -6t 5 + 15i 4 +10i 3 -10i 2 -4i+l. 
We observe that 3 is inert in K + and with the help of SAGE we computed 
a 3(E(a,b)) f° r au pairs (a, b) (mod 3) and obtained that a^{E) £ {—94, —62, 118} 
which shows that Ei ab \ are ordinary at 3. 

4.4 The equation x 19 + y 19 = Cz p 

Note that 19 = 1 (mod 6) so this is a good case. Following the method we 
pick 0i = /1/2/3, with 

/i(a;,y)=a; 2 + (C + C 18 )^ + J/ 2 , 

f2{x,y)=x 2 + {( 12 +( 7 )xy + y 2 , 

{f 3 (x,y)=x 2 + (e l +C s )xy + y 2 . 

Let (a, b, c) be a non-trivial primitive solution of 

x 19 + y 19 = Cz p . (25) 
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Then for some unit fi € Kq we also have a non-trivial primitive solution of 

4>x{x,y)= i iz v (26) 

or 

Mx,y) = ^l 9 z p (27) 

if 19 \ a + b or 19 | a + b, respectively. The resulting F-H-curves over Kq are 
given by 

E( a ,b) : y 2 — x + a 4 x + a 6: where 

04,(0, b) = (864u; 2 - 6480)a 4 

+ (-3456u; 2 - AZ2w + 20304)a 3 6 
+ (4320w 2 - 432w - 29808)a 2 6 2 
+ (-3456w 2 - 432w + 20304)a6 3 
+ (864w 2 - 6480)6 4 , 

a 6 (a,b) = (-34560w 2 + 5184w + 195264)a 6 

+ (150336w 2 - 25920w - 922752)a 5 6 
+ (-342144iu 2 + 31104w + 1985472)a 4 6 2 
+ (418176w 2 - 76032w - 2548800)a 3 6 3 
+ (-342144w 2 + 31104w + 1985472)a 2 6 4 
+ (150336w 2 - 25920w - 922752)afe 5 
+ (-34560u; 2 + 5184w + 195264)& 6 , 

where the minimal polynomial of w is t 3 + t 2 — Qt — 7. Here 3 is also inert in 
K + and computations allowed to see that 0.3(E) £ {—1,7} which shows that 
the curves Et a ^\ are ordinary at 3. 

Although we are in a case of favorable computer requirements the dimension 
of S(ty\?$\ 9 ) is 437761 which is already too big even for computing with John 
Voight algorithm only the newforms with coefficients in Q as it was done in [9] . 

5 The case r = 4m + 1 

In this section we will construct two extra Frey-curves attached to solutions 
of the equation x r + y r = Cz p for primes with form r = Am + 1 . The ideas here 
generalize the method in [10] . We first need to introduce the following definition 
analogously to that of Q-curve. 

Definition 5.1 Let k be a number field and Gk — Gal(Q/k) its absolute Galois 
group. We will say that an elliptic curve C is a k-curve if for every a G Gk 
there exists an isogeny <p a : a C — > C defined over Q 

Let C := ( r and K + = Q(£ + C _1 ) be the maximal totally real subficld of 
the cyclotomic field Q(C). Since r = Am + 1 then K + has degree 2m and there 
exists a subficld k C K + such that [K + /k] = 2 and [k/Q] = m. Now we are 
going to construct Frey-curves over K + and show that they are fc-curves. This 
way their attached Galois representations can be extended to k. 
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Let a be the generator of Gal(A' + /Q) then a m generates G&\(K + /k). Recall 
that x r + y r = (x+y)<fi r (x,y) and that (j> r (x, y) factors as a product of 2m degree 
two polynomials fi with coefficients in K + . In particular, if (a, 6, c) is a non- 
trivial primitive solution of x r + y r = Cz p the same argument as in section 
1 tells us that for some unit [i G K + there must exist a non-trivial primitive 
solution (a, b, C\) such that C \ a + b to 

(f>i(x, y) = [iz p or 0i (x, y) = jU7r^ p , (28) 

if r { a + & or r \ a + b, respectively, and </>i = /1/2 where 

(fi(x,y)=x 2 + (C + t im )xy + y 2 
\f 2 (x, y) = x 2 + <r m (C + Q Am )xy + y 2 . 

In order to construct an useful A:-curve we first need to find a, /3 such that 
(a + b) 2 = afi(a, b) + /3/2(a, b). That is, solve the linear system 

(a + /3 = l 

\a{(+ C 4m ) + f3a m {( + C 4m ) = 2, 

which has a solution for a, j3 £ K + given by 

(a= (a m (C + C 4m ) - 2)(a™(C + C 4m ) - <T - C) _1 

\/3 = (2 - (c + c 4m ))(^ m (c + c 4m ) - c - c 4m r\ 

that easily can be seen to satisfy <j m (a) — f3. Now we can consider the Frey- 
curves 

E( a ,b) ■ y 2 = x 3 + 2(o + b)x 2 + afi(a, b)x, 

having Galois conjugate by a m 

am E {aM :y 2 =x 3 + 2(a + b)x 2 + (3f 2 (a, b)x, 

with the 2-isogeny \i: a E — >• E given by 

,2 



IT V-2 y 



showing that it is an L-curve with K + (\f— 2) as a field of complete definition. 

Remark 5.2 FKe can a/so look for a, f3 such that (a — b) 2 = afi(a,b)+(3f2{a,b) 
and the same construction would lead to another Frey-curve. 

The definitions and properties that we use in the sequence are mainly gen- 
eralizations of the work of Quer with Q-curves (see [12 )• For the most part the 
details can be found in X. Guitart thesis (see [T2"]l. 

Denote -E( a ,&) only by E. We can attach to E a 2-cocycle ce : Gk X Gu — > Q* 
defined by c E (g,h) = 4>g a 4>h<t>^h- Lct £C®) e H 2 (G k ,Q*)[2] denote its cohomol- 
ogy class, Kd be a field of complete definition of E and G — Ga\(Kd/k). There 
is also an analogous cohomology class [cE/K d ] £ H 2 (G 7 Q*)[2] that satisfies 
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ln^, k [c E / Kd ] = £(E). Moreover, B = Res Kd / k (E/Kd) has endomorphism alge- 
bra isomorphic to the twisted group algebra Q CE / K d [G] (proposition 5.32 in (T2"] ) 
and B is a product of abelian varieties of GL2-type if and only if Q CE ^ K d [G] is 
abelian (proposition 5.36 in [Hj). If G is abelian then the algebra Q CE/K d[G] 
is abelian if and only if the the cocycle CE/K d is symetric. Moreover, from the 
isomorphism 

H 2 (G, Q*)[2] ~ H 2 (G,{±1}) x Hom(G,P/P 2 ) 

where P = Q*/{±1} it follows that the elements in the second factor are sym- 
metric (because G is abelian) then CE/K d is symmetric if and only if its compo- 
nent in H 2 {G, {±1}), denoted c^ , K , is symmetric. 

We now particularize to our curves. Observe that K + = k(y/s) for some 
s € k and take Kd = k{y/s, \/—2) as field of complete definition of E. In this 
case G is abelian with generators r and a m , where 



cr m {y/s~) = -y/s and 
T (V~s) = v^s and 



r(v^2) = -V^2 



The values of CE/K d were computed from the expressions of \i and fi an can be 
found in Table [TJ The sign 
the signs in the same table. 



found in Table [TJ The sign component c^,„ is not symetric and is given by 





h 




1 


T 


a m 


a m T 


9 


1 


1 


1 


1 


1 


T 


1 


1 


-1 


-1 


a m 


1 


1 


-2 


-2 


a m T 


1 


1 


2 


2 



Table 1: Values of CE/K d 



Thus we need to look for another field of complete definition Kp satisfying 
that CE/Kp is symmetric. To achieve this we are going to use the work of Qucr 
(see [23]) in embedding problems. A few computations shows that c E , K = 
C-2s.s (we are using the notation in section 2 of [33]) then Infg (c^, K ) € 
H 2 (Gk, {±1})[2] ~ Bi2(k) is the quaternion algebra (— 2s, s). At this point our 
aim is to apply theorem 3.1 in [23]- An application of this theorem is dependent 
on the value of r, nevertheless in what follows we will show that if m is odd and 
2 inert in k it can be done in general. Since r = 4m + 1 we have Q(y/r) c K + 
and for m odd we must have K + (^/r). 



Proposition 5.3 Suppose that r 
the discriminant of (— 2r, r) is 2r. 



4m + 1 with m odd. If 2 is inert in k then 



Proof: Let *p r be the prime in k above r. We can suppose that *}3 r || s. If 



— 2rx + ry — z represents in feqj p = 
(mod *p r ) hence 2 is a square modulo : 



then *p r | z and so — 2x 2 + y 2 = 
Since 2 is never a square modulo 
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r = Am + 1 for m odd we conclude that (— 2r, r)tp r = — 1. On one hand, 
i(— 2r),i(r) have opposite signals for all real places i of L we conclude that 
(— 2r, r) is not ramified at the infinity primes. On the other hand, (— 2r, r) must 
ramify at an even number of places then the result follows. m 

Let e be a character of Gq with order 4 and conductor 2 2 r thus fixing the 
totally real number field K e — Q(9) where is a root of x 4 — rx+r. Put k e = A e fc, 
A = {— 2r}, B = {r} and according to the notation in section 3 of [23] consider 
the field K = LAIN = fc e /c(V^2T)fc with Galois group G = Gal(if/fe). Note 
that k(y/r) C fc e and A^ C K. Define c £ as in [24] and c = c ca.b, where 
( = IniQ al(fce/fe) [c £ ] and c a ,b = Infg al( ^ /fc) [c_ 2s , s ]. After identifying Infg fc [(9 £ ] 
with an element of Br 2 (fc) we can identify it with an element in ©Br2(fe w ) using 
the known exact sequence on Brauer groups 

— > Br 2 (fc) — > ffiBr 2 (fc t ,) — -> {±1} — > 

Now if v is a finite prime the component (Inf^'" [0 e ]) v in Br 2 (fci,) is given by 
the parity of the w-componcnt of e, e v (— 1). Moreover, fc £ is totally real hence 
(lnfg' c [0 e ])„ = 1 for all infinite primes v of fc. Since e 2 (— 1) = e r (— 1) = 1 we 
have that (Infg [0 e ]) = (— 2r, r) and the embedding problem (K/k, {±1}, [c]) is 
unobstructed because 

Infg fc [c] = (Infg fc [0 £ ])(Infg fc [c A , B ]) = (-2r,r)(-2r,r) = 1 e Br 2 (fc). 

Now we see from theorem 3.1 in |24j that there must exists elements «o an d o.\ 
in k e (y / —2) such that 

^(oo) = -1 

N ai {ai) = r 
ai a ao ai 



OtQ Oil 

If S is an element of k e such that Nnifc e /fc(<5) = —4 we can take «o = IV - 2, ai = 
-^/r. The same theorem 3.1 also gives us a splitting map /3 for the cocyle c. We 
observe that in particular /3 ai = u\j \fr = 1, which means that we actually have 
a splitting map for [c e ]. Now we pick a solution 7 € k e to the embedding problem 
and by construction the twisted curve A 7 satisfies that c^ , fc is symmetric. 
Thus, as we explained before B = ReSk t /k(E/k e ) is a product of abelian varieties 
of GL 2 type over k and our initial representation pe, p of G K + extends to Gk- 
At this point a suitable generalization of Theorem 5.12 in [52] and Theorem 
5.4 in [53] would give a description of the exact decomposition of B and the 
character of pe,p- However, we do no go further in this direction since the 
spaces of modular forms that we would need to apply the modular approach 
are already impossible to compute for r = 13. If r — 5 then k = Q and in joint 
work with L. Diculcfait we used the theory of Q-curves to solve the equation 
x = y 5 = dz p with d — 2, 3 for infinitely many p (see [10j). 
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